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Abstract: This work studies laminar forced convection of nano-liquid in a rectangular 

channel with three cylindrical blocks. Two external magnetic fields are imposed. This 

phenomenon is simulated using the 2D Lattice Boltzmann approach. This paper 

investigates the effects of the following parameters: Reynolds number, Hartmann 

number, and nanoparticles volume fraction. The ranges of the main parameters are: 

(10≤Re≤100), (0≤Ha1≤50), (0≤Ha2≤50), (0%≤ ϕ≤ 4%). The obtained results show that 

the average Nusselt number enhances according to the value of Reynolds number, and 

nanoparticles volume fraction. The impact of the horizontal magnetic force on the flow 

is more effective than that of the perpendicular magnetic force. And this is more 

remarkable when the conductive mode dominates. The value of total entropy generation 

Sgen increases by about 94.55%, when the Reynolds number is enhanced from 10 to 

100. It increases by about 81.48% and 83.53% when the values of the horizontal 

magnetic field (Ha1) and the perpendicular magnetic field (Ha2) are increased from 0 to 

50, respectively. Also, these parameters decrease with the addition of the nanoparticles 

(ϕ=0.04). to the base liquid by about 4.62%, for Reynolds number (Re=100). The value 

of Bejan number reduces with Reynolds number, and with horizontal and vertical 

magnetic force. It is augmented by about 6.05%, and 12.03% when the nanoparticle 

volume fraction is equal to 0.04 for Re=25; and 100, respectively. 
 

1. Introduction 

 Forced convective heat transfer on a heated circular cylinder has many applications, such as the 

refrigeration cycle condensers, shell and tube type heat exchangers, probes or sensors in the measuring 

devices, pin fins, cooling towers, power electronics cooling, power generators, nuclear reactor, fuel 

element cooling, cylindrical cooling devices, and food processing. 

Traditional coolants such as water or air are not optimal because of their relatively low thermal 

conductivity. Adding suitable nanoparticles to these fluids usually increases their thermal conductivity 

and is also effective for other fluid properties, such as thermophysical ones. Improving heat transfer 

efficiency is a desired goal. The addition of nanoparticles in a base fluid is one solution among several 

to improve the heat transfer rate. 
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Choi et al., 1995, were the first to use this new type of fluid. The experimental results 

demonstrated that the addition of nanoparticles enhances the thermal conductivity of fluids. To verify 

these results several numerical and experimental research works have focused on the advantages of 

this new fluid (Ravisankar et al., 2013), (Abbassi et al., 2018), (Abbassi et al., 2018), (Miri et al., 

2022), (Mliki et al., 2017), (Esfe et al., 2015), (Bazdidi-Tehrani et al., 2019), (Esfe et al., 2016), 

(Bahiraei et al., 2018), (Bazdidi-Tehrani et al., 2018), (Vasefi et al., 2019), (Bahiraei et al., 2017). The 

results show that the use of nanofluid enhances the heat transfer rate. Also, nanofluids in heat 

exchangers as studied by several works (Khairul et al., 2014), (Barzegarian et al., 2016), (Omiddezyani 

et al., 2019), (Huang, Z et al., 2015), the results have demonstrated that the using of nanofluids has a 

positive impact on heat transfer in heat exchangers. 

Other works have focused on the use of Magnetohydrodynamic MHD forced convection of 

nanofluid, as a topic of interest for many researches. In this context, (Nikelham et al., 2015) conducted 

research on the influence of magnetic field direction on the forced convection phenomenon of an 

aluminum oxide-water nanofluid flowing over a circular cylinder. The results reported that the rate of 

heat transfer is dependent directly on the Reynolds number, the volume fraction of the nanofluid, the 

Hartmann number, and the angle of the magnetic field. (Karimipour et al., 2019) investigated 

numerically the laminar MHD forced convection flow of (water/FMWNT carbon nanotubes) in a 

microchannel imposed the uniform heat flux. The results have shown that the fully developed velocity 

profile varied with the Hartmann number, this means that increasing the magnetic field strength to 

increase the heat transfer rate is applicable only in a limited range, and it is not effective beyond that 

range. Forced convective heat transfer of nanofluids in porous half-rings has been studied in the 

presence of a uniform magnetic field by (Sheikholeslami et al., 2017), (Miri et al., 2024). The results 

indicated that the Nusselt number reduces with an increase in Lorentz forces. (Tumse et al., 2022) 

studied the influence of the non-uniform magnetic field on the flow and thermal characteristics of a 

ferrofluid on a channel with a circular cylinder. The results show that the presence of a non-uniform 

magnetic field reduces the length of recirculation bubbles behind the cylinder block and changes the 

flow structure from an unsteady state to a steady state. This is due to the influence of Lorentz forces, 

which tend to dampen vortex diffusion. (Aminossadati et al., 2011) studied the magnetic field impact 

on forced convection of Al2O3-water in a partially heated microchannel. The results reported that the 

microchannels are better in terms of heat transfer for higher Reynolds and Hartmann numbers. (Hamad 

et al., 2011) studied the effect of magnetic field on free convection of three types of nanofluids: 

copper/water, alumina/water, and silver/water. The numerical results show that the increasing of the 

values of the magnetic parameter leads to a diminution of the velocity profiles and to enhance the 

thermal profiles for fixed values of nanoparticles concentrations. (Sheikholeslami et al., 2016) studied 

the impact of an external magnetic field on forced convection of ferrofluid (Fe3O4–water). They found 

that the Nusselt number is a decreasing function of the Hartmann number. (Selimefendigil et al., 2020) 

interspersed by the role of magnetic field on forced convection of CuO-water. The results found that 

the Hartmann number has positive effects on the average Nusselt number, and it is varied with the 

inclination angle of the lower branching channel. (Ishak et al., 2009) studied the magnetohydrodynamic 

mixed convection flow. The results show that the magnetic field parameter plays a significant role in 

controlling the boundary layer separation. (Selimefendigil et al., 2018) discussed the role of 

magnetohydrodynamics on the forced convection of CuO-water flow in a channel with four circular 

cylinder blocks. The results show that the average Nusselt number is enhanced by about 9.34% when 

the value of the Hartmann number is increased from Ha=5 to Ha=10. According to (Udhayakumar et 
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al., 2016) the influence of the magnetic field may contribute or hamper the convective heat transfer 

and the drag coefficient depending on its magnitude and direction. The main observation of the study 

by (Tassone et al., 2018) is that the average Nusselt number increases by about 20% when the magnetic 

field is applied. 

Many studies involve magnetohydrodynamic forced convection flow in pipes. The present study 

becomes the first report on the influence of multi-magnetic fields on the heat transfer and the entropy 

generation of laminar forced convection flow of nano-liquid (copper/water) in a channel with three 

cylindrical blocks. 

Geometric configuration and mathematical formulation 

2.1 Problem consideration 

This present paper simulations were conducted in a 2D rectangular channel crossed by Cu–water 

nano-liquid and containing three-cylinder hot blocks. The channel has a length (L=21H) and height 

(H). The first hot cylinder block of diameter (D=H/2) is placed in the middle of the channel in the Y 

direction and its center in the X direction is located at (L1=2.5H). The distance between the cylinders 

is equal to (2.5H). A uniform temperature is imposed on the three-cylinder blocks and the bottom wall. 

Two external magnetic flux with density Bo are appealed, their orientation forms an angle (γ1 and γ2). 

This configuration is described in Figure 1. The thermophysical properties of the base liquid and the 

copper nanoparticles are presented in Table 1. 

 

Figure 1. The schematic of the physique problem 

 

Table 1. Thermo-physical properties of base water and the Cu nanoparticle 

Physical properties Water Cu 

1 1( . . )Cp J kg K− −
 

4181.8  383.1 

3( . )kg m −
 

1000.52  8954  

1 1( . . )k W m K− −
 

0.597  386  

1( )K −
 

521 10−  
651 10−  

1( . )m −  
0.05  

82.7 10−  

410 ( / . )kg m s  
8.55  - 
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2.2 Governing equations 

 The non-dimensioning Navier–Stokes and energy equations of MHD flow for the laminar forced 

convection in two-dimensional, for the single-phase can be written through the following equations (1-

4) by substituting these dimensionless variables: 

1 22
, , ,Pr , ,Re , , ,nl in in h nl nl

o o

in nl w in nl in nl nl

v T T u Dx y u p
X Y U P Ha HB Ha HB

H H u T T v u

 


  

−
= = = = = = = = =

−  

The governing equations in the dimensionless state can be written as follows: 

0
U V

X Y

 
+ =

   

Eqn. 1 

2 2

2 2

2
21

1 1 1

2
22

2 2 2

1

Re

( sin( )cos( ) sin ( ))
Re

( sin( )cos( ) sin ( ))
Re

U U P U U
U V

X Y X X Y

Ha
V U

Ha
V U

  

  

     
+ = − + + + 

     

− +

−
 

Eqn. 2 

2 2

2 2

2
21

1 1 1

2
22

2 2 2

1

Re

( sin( )cos( ) cos ( ))
Re

( sin( )cos( ) cos ( ))
Re

V V P V V
U V

X Y X X Y

Ha
U V

Ha
U V

  

  

     
+ = − + + + 

     

− +

−
 

Eqn. 3 

2 2

2 2

1

Pr.Re
U V

X Y X Y

       
+ = + 

      

Eqn. 4 

 

The boundary conditions of this problem are given in Table 2: 

Table 2. Boundary conditions 

 
Velocity boundary 

conditions 

Temperature 

boundary conditions 

At the inlet of channel 1; 0U V= =  0=  

At the outlet of channel 0
U V

X X

 
= =

   
0

X


=

  

At the downstream bottom wall of channel 0; 0U V= =  1 =  

At the top wall of channel 0; 0U V= =  0=  

At the hot cylinder blocks 0; 0U V= =  1 =  

 

2.3 Nano-liquid properties 

It is important to review the thermophysical parameters of nano-liquids and their mathematical models. 

The properties of nano-liquid are listed in Table 3: 

 



Miri et al., J. Mater. Environ. Sci., 2024, 15(10), pp. 1347-1367 1351 

 

Table 3. Nano-liquid properties 

Properties Mathematical formulation 

The heat capacitance ( ) ( )( ) ( )1P P Pnl l p
C C C    = − +

 

Density ( )1nl l p   = − +
 

Thermal diffusivity ( )/nl nl P nl
k C =

 

Thermal conductivity  
2 2 ( )

2 ( )

p l l p

nl l

p l l p

k k k k
k k

k k k k





+ − −
=

+ + −
 

The viscosity thermal 2.5(1 )

l
nl





=

−  

The electrical conductivity 
3( / 1)

1
( / 2) ( / 1)

s l
nl l

s l s l

  
 

    

 −
= + 

+ − −   

2.4 Parameters of engineering interest 

The main parameters of heat transfer, used to optimize or develop a forced convection heat transfer 

system, are examined in this study. The engineering parameters of interest can be calculated using the 

relations provided in Table 4: 

Table 4. The parameters of engineering interest 

The local Nusselt number 

0

nl

l Y

k
Nu

k Y



=

 
= −  

   

The average Nusselt number 

0

1
.

L

avgNu Nu dX
L

= 
 

The relationships between the stream 

function and velocity components 

2 2

2 2

U V

X Y Y X

    
+ = −

     

The local dimensionless entropy 

generation , , ,gen gen h gen v gen MS S S S= + +
 

The entropy generation term relative 

to the heat transfer irreversibility 

2 2

,
nl

gen h

l

k
S

k X Y

      
= +    

        
The entropy generation term 

corresponds to nanoliquid friction 

irreversibility 

22 2

, 2nl
gen v

l

U V U V
S

X Y Y X





               
= + + +                           

The entropy generation term 

associated with the magnetic field 

irreversibility 

( ) ( ) ( )

( ) ( ) ( )

22

1 1 1

,

22

2 2 2

1 sin cos

1 sin cos

s

l

gen M

s

l

Ha U V

S

Ha U V


   





   



   
 − +  − +      
   

=  
   

 − +  −      
     

The irreversibility factor 

( )

2

2

l in in

l w in

T U

k T T


 =

−
 

Bejan number ,gen h

Local

gen

S
Be

S
=
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3.  LBM method 

The study applies the Lattice Boltzmann Method (LBM) to solve the Navier–Stokes and energy 

equations. To simulate flow and heat transfer of nano-liquid in a 2D canal. The following table outlines 

the discussion of this method. 

Table 5. Dynamic field and temperature field with lattice Boltzmann approach 

 Dynamic field Temperature field 

 

Model 

D2Q9 

 

D2Q4 

 

Distribution function 

( ) ( )

( ) ( )

, ,

, ,

k k k

eq

k k k k

f x c t t t f x t

t
f x t f x t tc F



+  + = +


 − + 

 

( ) ( )

( ) ( )

, ,

, ,

k k k

eq

k k

g

g x c t t t g x t

t
g x t g x t

+  +  = +


 − 

 

Equilibrium distribution 

functions ( )

2

2 2

4 2

.
1 3

9 . 3

2 2

k i

eq

k k

k i i

c u

c
f

c u u

c c

 
+ + 

 = 
 

− 
   

 

 1 2 .eq

k k k ig c u=  +
 

The macroscopic quantities are calculated by the following equations: 

0 8

k

k

f
= −

= 
 

Eqn. 5 

0 8

k k

k

u f c tF
= −

= + 
 

Eqn. 6 

0 4

k

k

g
= −

= 
 

Eqn. 7 

The unknown distribution functions are calculated by the following relations in Table 6: 

Table 6. Boundary conditions for f and g distribution function 

 Velocity boundary conditions Temperature boundary conditions 

At the inlet  

 

0 2 4 3 6 72( )

1
in

inlet

f f f f f f

u


+ + + + +
=

−
 

1 3

2

3
inletf f u= +

 

5 7 4 2

1 1
( )

2 6
inletf f f f u= + − +

 

 

( ) ( )( )1 31 3g g=   + −
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8 6 4 2

1 1
( )

2 6
inletf f f f u= − − +

 

At the outlet 

of the 

channel  

3 3 3( , ) 2 ( 1, ) ( 2, )f n j f n j f n j=  − − −
 

6 6 6( , ) 2 ( 1, ) ( 2, )f n j f n j f n j=  − − −
 

7 7 7( , ) 2 ( 1, ) ( 2, )f n j f n j f n j=  − − −
 

( ) ( ) ( )n 2 n 1 n 23 3 3g , j g , j g , j=  − − −
 

At the top 

boundary  

( ) ( )4 2, ,f i m f i m=
 

( ) ( )7 5, ,f i m f i m=
 

( ) ( )8 6, ,f i m f i m=
 

( ) ( )4 4, , 1g i m g i m= −
 

At the 

heated part 

of the walls 

- 

 

( ) ( ) ( )( ) ( )4 2, 4 2 ,g i m g i m=   + −
 

4. Physical interpretations and discussion 

4.1 Independence from iteration number 

Table 7 indicates the number of iterations required for results to be independent of the grid size. The 

iteration numbers selected for the study ranged from 1000 to 200000 for the nano-liquid in Reynolds 

number of 100. In this investigation, the independence of flow and heat transfer parameters is intended. 

For the chosen iteration number, the amounts of average Nusselt number on the bottom wall has been 

compared in different iterations number. According to the changes of parameters in the chosen iteration 

number, it is observed that the iteration number of 50,000, in comparison with less iterations number, 

has more accurate results. In this study, this iteration number has been used as an acceptable iteration 

number in the simulation of the numerical solving domain of heat transfer and flow. 

Table 7. Average Nusselt number on the bottom wall for different iteration numbers 

Iteration number 1000 5000 10000 50000 100000 200000 

Average Nusselt number 52.870 26.228 16.127 13.338 13.339 13.339 

 

4.2 Validation of the numerical code 

To verify the accuracy of the current results, we compared the results for the local Nusselt number with 

those reported by (Atashafrooz et al., 2019) and (Santar et al., 2009). These comparisons show 

excellent agreement (Figure. 2 and 3). 
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Figure 2. Local Nusselt number variation compared to those of (Atashafrooz 

et al., 2019)  for Re=400; ϕ= 0.04 
 

 

Figure 3. Comparison of the Nusselt number distribution along the bottom 

wall with results obtained by (Santar et al., 2009) for Re=100; ϕ=0.025 
 

4.3 Independency from grid 

The corresponding values of the average Nusselt number along the bottom wall are calculated and 

tabulated for several different grids in Table 8. According to this Table, the numerical results are almost 

the same for mesh smaller than 840×80, so there is no notable change in the results. Thus, an 840×80 

mesh was selected to implement the code. All computations in this research are performed using a 

computer program written in Fortran 90. 

Table 8. Grid independence test results for Re=50;ϕ=0.02;Ha1=0;γ1=0° 

Grid size Nuavg Percentage of the difference 

105 10  6.123  − 

210 20   6.421  4.86 o
o  

420 40   6.569   2.30 o
o  

840 80   6.571    0.03 o
o  

1680 160   6.572  0.015 o
o  
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5. Results  

5.1 Effects of Reynolds number 

 Figure 4 illustrates the direct influence of inertia forces as represented by the Reynolds number, on 

the streamline and isotherm plots for Ha1=0; Ha2=25; ϕ=0.02; γ1=0°; γ2=-90°; ϕ=0.02. the impact of 

this parameter is remarkable and clearly observed in this figure. The numerical results demonstrate that 

streamline multiplies when the value of the Reynolds number increases from 10 to 100. The maximum 

value of (ψmax) increases by nearly 16.02% when the Reynolds number reaches 100. Moreover, 

recirculation zones are generated as this parameter improves. This is due to the presence of cylindrical 

obstacles; which allow alter the flow direction of the streamline. On the other side, the isotherm lines 

are more compressed, this means that the convection mode dominates dependently on the inertia forces. 

Re 

 = 

10 

 

ψmin 

= 

-2.099×10-5 

ψmax 

= 

178.141 

 

 

 

Re 

 = 

50 

 

ψmin 

= 

-6.876×10-6 

ψmax 

= 

1031.883 

 

 

 

Re 

 = 

100 

 

ψmin 

= 

-2.894×10-5 

ψmax 

= 

2854.126 

 

 

 

Figure 4. Impact of Reynolds number on streamline and isotherm contour for Ha1=0; 

Ha2=25; ϕ=0.02; γ1=0°; γ2=-90° 

 

The enhancement of heat transfer rates, as expressed by the average Nusselt number, is depicted 

in Figure 5. The influence of Reynolds number on Nuavg for 0 ≤Ha1≤50;0≤Ha2≤50; ϕ=0.02; γ1=0°; γ2=-

90°, is studied numerically. The curve of the Nusselt number as a function of this non-dimensionless 

number (Re). The simulation results show that the increase in inertia forces strengthens the heat transfer 

rate of nano-liquid. For example, at Ha1=50; Ha2=0; ϕ=0.02; γ1=0°; γ2=-90°, the average Nusselt 

number multiplies about 3.8 when the number of Reynolds increases from 10 to 100. These results are 

confirmed by other studies such as Ref. (Miri et al., 2023), (Alsabery et al., 2021). 
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Figure 5. Impact of Reynolds number on Nuavg for 0 ≤Ha1≤50;0≤Ha2≤50; 

ϕ=0.02; γ1=0°; γ2=-90° 

The impact of Reynolds number on the Sgen for 0 ≤Ha1≤50;0≤Ha2≤50; ϕ=0.02; γ1=0°; γ2=-90°, are 

shown in Figure 6. The curve of the total entropy generation depends directly by the value of the 

Reynolds number.The value of Sgen increases and is more remarkable for a higher Reynolds number 

(Re=100). Approximately 94.55% increase in total entropy generation can be achieved when Ha1=0; 

Ha2=50. It is due to the entropy generation parameter corresponding to nano-liquid friction 

irreversibility. Consequently, the irreversibility of nano-liquid improves dependently on the inertia 

forces. 

 
Figure 6. Impact of Reynolds number on Sgen for 0 ≤Ha1≤50;0≤Ha2≤50; 

ϕ=0.02; γ1=0°; γ2=-90° 

Figure 7 explains the influence of Reynolds number on Be for 0 ≤Ha1≤50;0≤Ha2≤50; ϕ=0.02; 

γ1=0°; γ2=-90°. The impact of this parameter on the entropy generation observed in this curve. Bejan 

number which represents the ratio of entropy generation rates due to heat transfer and nano-liquid 

friction shows reduction. A higher value of the Reynolds number results in lower values of the Bejan 

number. The values of Bejan numbers are below 0.2 for Re=100 which indicates that the entropy 

generation of the nano-liquid friction irreversibility is dominant over the heat transfer irreversibility. 
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Figure 7. Impact of Reynolds number on Be for 0 ≤Ha1≤50;0≤Ha2≤50; 

ϕ=0.02; γ1=0°; γ2=-90° 

5.2 Influence of magnetic field 

In this section, numerical simulation focuses on the influence of external volumetric force. Figure 

8 describes the impact of the horizontal magnetic field in terms of Ha1 on the streamline and isotherm 

contour for Re=100; Ha2=50 ϕ=0.02; γ1=0°; γ2=-90°. The external volumetric force is parallel to the 

flow of the nano-liquid. Recirculation zones generated due to the increase in inertial force behind 

cylindrical obstacles are dispersed, and their volume decreases. It is due to the application of the 

Lorentz force; this volumetric force strengthens the current lines and enriches this term. Due to the 

enrichment of the current lines, these zones are eliminated. The maximum value of streamline multiply 

about 1.053 when the Ha1=50, it is equal to 3044.248. We have observed that the minimum value of 

streamline tends towards 0, indicating a diminution in the recirculation zones. The isotherm lines are 

slightly compressed, resulting in a slight increase in the conductive mode.  

Figure 9 demonstrates the influence of the vertical magnetic field in term of Ha2 on the streamline 

and isotherm contour for Re=100; Ha1=50 ϕ=0.02; γ1=0°; γ2=-90°. The maximum value of streamline 

multiply about 1.017 when the Ha2=50, it is equal to 3044.248. These results show that the impact of 

the magnetic force parallel to the flow is more effective than the case where the magnetic force is 

perpendicular to the nano-liquid flow. As we can see, a deformation of the recirculation zones has been 

detected. This deformation is observed in the upper part of these zones and is due to the position of the 

applied magnetic force. The minimum value of streamline tends towards 0, indicating a deformation 

of the recirculation zones. 

Figure 10 represents the impact of the horizontal magnetic field (Ha1) on Nuavg for 25 ≤Re≤100; 

Ha2=0; ϕ=0.02; γ1=0°; γ2=-90°. As can be seen by increasing the value of Ha1, it gives enhancement of 

heat transfer in term of Nuavg. The value of the average Nusselt number increases by about 4.96 % for 

Re=25, and it is developed by about 2.56% for Re=100 which demonstrates that the application of 

horizontal magnetic field has a positive impact on Nuavg. The reason for this behavior is that the flow 

is steady at higher Hartmann number Ha1 values. It can be noted that this influence is more remarkable 

at a low value of Reynolds number. The physical reason for this phenomenon is the application of 
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horizontal Lorentz force. This external force reinforced the heat transfer rate higher when the 

conductive mode dominates. 
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Figure 8. Impact of Hartmann number (Ha1) on streamline and isotherm contour for Re=100; Ha2=50 

ϕ=0.02; γ1=0°; γ2=-90° 

 

Figure 11 illustrates the variation of the average Nusselt number in function of (Ha2) for 25 

≤Re≤100; Ha1=0; ϕ=0.02; γ1=0°; γ2=-90°. The vertical magnetic field (Ha2) enhances the heat transfer 

in term of Nuavg. The average Nusselt number increases by about 0.65% for Re=25, and it is raised by 

about 0.50% for Re=100 which indicates that the vertical magnetic field has a slight positive impact 

on Nuavg. Also, at a low value of Reynolds number, the effect of the vertical magnetic field is more 

remarkable. The physical reason for this phenomenon is the presence of Lorentz force. The 

perpendicularity of this volumetric force on the flow of nano-liquid is the main responsible for the 

slight increase on heat transfer rates. 
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Figure 9. Impact of Hartmann number (Ha2) on streamline and isotherm contour for Re=100; Ha1=50 ϕ=0.02; γ1=0°; 

γ2=-90° 
 

 
Figure 10. Impact of Hartmann number Ha1 on Nuavg for 25 ≤Re≤100; Ha2=0; ϕ=0.02; γ1=0°; γ2=-90° 
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Figure 11. Impact of Hartmann number Ha2 on Nuavg for 25 ≤Re≤100; Ha1=0; ϕ=0.02; γ1=0°; γ2=-90° 

Figure 12 shows the effect of the horizontal magnetic field (Ha1) on Sgen for 25 ≤Re≤100; Ha2=0; 

ϕ=0.02; γ1=0°; γ2=-90°. The total entropy generation increases according to the value of Hartmann 

number (Ha1). This is signified that the disorder of the nano-liquid is enhanced when the value of the 

horizontal magnetic field augmented. The value of Sgen developed about 24.89% for Re=25, and 

81.48% for Re =100. It is due to the enhancement of the entropy generation term relative to the heat 

transfer irreversibility and the entropy generation term associated with the horizontal magnetic field 

irreversibility. 
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increased by about 41.85%; 83.53% for Re=25;100, respectively. It can be noted that the degree of 

disorder is higher depending on the vertical magnetic field, especially at higher value of Reynolds 

number. It is due to the enhancement of two terms the entropy generation term relative to the heat 

transfer irreversibility and then associated with the horizontal magnetic field irreversibility. 
 

 

Figure 13. Impact of Hartmann number Ha2 on Sgen for 25 ≤Re≤100; Ha1=0; 

ϕ=0.02; γ1=0°; γ2=-90° 

 Figures 14 and 15 depict the effect of the horizontal and vertical magnetic field (Ha1 and Ha2) on 

Bejan number for 25 ≤Re≤100; Ha2=0; ϕ=0.02; γ1=0°; γ2=-90°. The value of the Bejan number reduces 

with the rise of the Hartmann number (Ha1 or Ha2). This indicates that the application of horizontal or 

vertical magnetic fields has a negative impact on the Bejan number. It is diminution about 438.29% 

when the horizontal magnetic field is appalled for Re=100; Ha2=0; ϕ=0.02; γ1=0°; γ2=-90°, and 

decreases this parameter for the same condition about 506,51% when the vertical magnetic field is 

appalled. Remarkably, the influence of the vertical magnetic field is higher than the horizontal 

magnetic field. This is due to the perpendicularity between the Lorentz force and the inertial force. 

 

Figure 14. Impact of Hartmann number Ha1 on Be for 25 ≤Re≤100; Ha2=0; 

ϕ=0.02; γ1=0°; γ2=-90° 
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Figure 15. Impact of Hartmann number Ha2 on Be for 25 ≤Re≤100; Ha1=0; 

ϕ=0.02; γ1=0°; γ2=-90° 

5.3 Effects of nanoparticles volume fraction 

 The Cu-water nano-liquid at different volumetric concentrations (0.01, 0.02, 0.03, and 0.04) is 

examined in the present simulation work. 

 The curve of the average Nusselt number (Nuavg) in the function of nanoparticles volume fraction 

for 25 ≤Re≤100; Ha1=Ha2=50; γ1=0°; γ2=-90° is shown in Figure 16. the average Nusselt number 

enhances progressively with increasing the value of nanoparticle volume fraction. This indicates that 

the heat transfer rate in term of (Nuavg) for nano-liquid is higher than the classic liquid. The addition of 

small nanoparticles (ϕ=0.04) to pure liquid improved the heat transfer performance by about 8.61% 

and 9.67% for Re=25 and 100; Ha1=Ha2=50; γ1=0°; γ2=-90°. This positive impact is due to the higher 

thermal conductivity of nanoparticles. 

The variation in the degree of disorder is expressed through the thermal of total entropy generation, 

and it depends on the nanoparticles' volume fraction. In Figure 17. we noticed a slight increase in total 

entropy generation Sgen when the conductive mode dominates (Re=25) the addition of 0.04 of 

nanoparticle augmented the value of Sgen by about 2.8% for Re=25. The main responsible of this 

augmentation is the development of the entropy generation term relative to the heat transfer 

irreversibility. So, it can be concluded that the higher conductivity of nanoparticles enhances the 

entropy generation term relative to the heat transfer irreversibility (Sgen,h) consequently the value of 

total entropy generation slightly increases. 

On the other side, for a higher value of Reynolds number (Re=50;75;100), the total entropy generation 

slightly decreases with the addition of the nanoparticles (ϕ=0.04) in base liquid about 1.77%; 3.74%; 

4.62%, respectively. This is due to the domination of the convection mode, thus it can be concluded 

that the higher viscosity thermal of nanoparticles diminution the entropy generation term corresponds 

to nano-liquid friction irreversibility (Sgen,v) consequently the value of total entropy generation slightly 

decreases. 
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Figure 16. Impact of Nanoparticle concentrations (ϕ) on Nuavg for 25 

≤Re≤100; Ha1=Ha2=50; γ1=0°; γ2=-90° 

 The variation in the degree of disorder is expressed through the thermal of total entropy generation, 

and it depends on the nanoparticles volume fraction. In Figure 17. we noticed a slight increase in total 

entropy generation Sgen when the conductive mode dominates (Re=25) the addition of 0.04 of 

nanoparticle augmented the value of Sgen about 2.8% for Re=25. The mains responsible of this 

augmentation is the developing of the entropy generation term relative to the heat transfer 

irreversibility. So it can be concluded that the higher conductivity of nanoparticles enhance the entropy 

generation term relative to the heat transfer irreversibility (Sgen,h) consequently the value of total 

entropy generation slightly increase. In the author side, for higher value of Reynolds number 

(Re=50;75;100), the total entropy generation slight decrease with the addition of the nanoparticles 

(ϕ=0.04) in base liquid about 1.77%; 3.74%; 4.62%, respectively. This is due to domination of the 

convection mode. So it can be concluded that the higher viscosity thermal of nanoparticles diminution 

the entropy generation term corresponds to nano_liquid friction irreversibility (Sgen,v) consequently the 

value of total entropy generation slightly decrease. 

 
Figure 17. Impact of Nanoparticle concentrations (ϕ) on Sgen for 25 ≤Re≤100; 

Ha1=Ha2=50; γ1=0°; γ2=-90° 
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 Figure 18 shows the impact of the nanoparticle concentrations (ϕ) on Be for 25 ≤Re≤100; 

Ha1=Ha2=50; γ1=0°; γ2=-90°. The value of Bejan numbers is affected by nanoparticle concentrations. 

This parameter enhances about 6.05%; 12.03% when nanoparticle volume fraction is equal to 0.04 for 

Re=25;100, respectively. This is due to the augmentation of the total entropy generation. 

 
Figure 18. Impact of nanoparticle concentrations (ϕ) on Be for 25 ≤Re≤100; 

Ha1=Ha2=50; γ1=0°; γ2=-90° 

Conclusion 

 This research investigates the laminar MHD forced convection flow of nano-liquid in a channel with 

three cylindrical blocks, in the presence of two magnetic fields. The LBM approach was used for the 

simulation of nano-liquid flow and heat transfer. 

 The focus has been on the influence of the Reynolds number (Re), horizontal and vertical magnetic 

field (Ha1; Ha2), and nanoparticles volume fraction on streamlines and isotherms contours, average 

Nusselt number, total entropy generation (Sgen) and Bejan number (Be). The main findings of this work 

can be summarized as follows: 

 The average Nusselt number was multiplied about 3.8 when the number of Reynolds increases from 

10 to 100. 

The value of total entropy generation Sgen increases and is more remarkable for higher Reynolds 

number (Re=100). Approximately 94.55% increase in Sgen can be achieved when Ha1=0; Ha2=50. 

The values of Bejan numbers are below 0.2 for the higher value of Reynolds number (Re=100) which 

indicates that the entropy generation of the nano-liquid friction irreversibility is dominant over the heat 

transfer irreversibility. 

The value of the average Nusselt number enhances about 4.96 % for Re=25, and it is developed about 

2.56% for Re=100 which demonstrates that the application of horizontal magnetic field has a positive 

impact on Nuavg. This external force is more reinforced by the heat transfer rate when the conductive 

mode dominates. 
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The total entropy generation increases according to the value of the horizontal magnetic field (Ha1). It 

is developed about 24.89% for Re=25, and 81.48% for Re =100. 

The average Nusselt number increases by about 0.65% for Re=25, and it is raised by about 0.50% for 

Re=100 which indicates that the vertical magnetic field has a slight positive impact on Nuavg.  

The value of total entropy generation increases according to the vertical magnetic field in term of the 

Hartmann number (Ha2). It increases by about 41.85%; 83.53% for Re=25;100, respectively.  

The application of a horizontal or a vertical magnetic field has a negative impact on the Bejan number. 

This influence is more remarkable with the vertical magnetic field. 

The addition of (ϕ=0.04) nanoparticles to pure liquid improved the heat transfer performance in term 

of (Nuavg) about 8.61% and 9.67% for Re=25 and 100. 

The total entropy generation is enhanced by about 2.8% for Re=25, and it has a slight decrease with 

the addition of the nanoparticles (ϕ=0.04) in base liquid about 1.77%; 3.74%; 4.62%, for Reynolds 

number (Re=50;75;100), respectively. 

The value of Bejan numbers is affected by nanoparticle concentrations. This parameter enhances about 

6.05%; 12.03% when nanoparticle volume fraction is equal to 0.04 for Re=25;100, respectively. 
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